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Abstract - This work presents the comparison between two experimental techniques to study the thermal 
problem that occurs in the base material due to the welding process. The techniques combine optimization 
techniques such as the Simulated Annealing (SA) and the Gold Section in two different physical models. The 
first thermal model considers a quasi-stationary heat conduction in the interior of the material, whereas the 
second uses the general transient equation of heat diffusion with phase change. In both cases, the heat input 
generated by the welding process is estimated. However, the use of the SA techniques with the numerical model 
allows, additionally, the weld pool geometry identification. The inverse technique demands measurements from 
thermocouples placed in the opposite side to a GTAW (Tungsten Inert Gas) welding processes that is applied on 
a stainless steel AISI 304 plate. 
 
1. INTRODUCTION 
Welding processes that involve material phase change are used in a large number of metallic structures such as 
buses, airplanes, reactors or oil ducts. Once these structures have acquired a high level of safety, the 
manufacturing processes, in special welding, must be carefully considered. GTAW (Gas Tungsten Arc Welding) 
is one of the most widely employed welding processes that is applied with success for welding of stainless steels 
and non-ferrous materials. In this process, a tungsten electrode is shielded by a flow of inert gas such as argon 
(normally employed), helium, nitrogen, hydrogen or mixtures. The union of two or more workpieces is obtained 
through a voltaic arc which is a moving intense heat source.  
 The analysis of the thermal behavior of the physical phenomenon that takes place in the process is crucial to 
understand, for example, the width and depth of weld penetration, the microstructure changes in the base metal 
thermally affected or the residual stress that appear in the welding process. Also, the intensity of the heat input 
and the temperature gradients in the workpiece are extremely important for welding process studies. The rate 
between the effective heat delivered to the workpiece and electric power consumed by the power source is a 
good indicative of the process performance. 
 It can be observed [18] that not all the total electrical power necessary for obtaining the voltaic arc (voltage 
versus current) is absorbed by the workpiece. The difference is due to the heat losses to the environment by 
convection or radiation or by Joule effect in the electrode. Thus, the task is how to calculate the heat input to the 
workpiece and consequently the thermal efficiency. From literature, it is possible to distinguish two lines of 
research: one where the welding is carried out on water cooled anode and other where weldments are made on 
real welding conditions, i.e., without and with phase change respectively. Results published so far indicate that 
these two approaches of heat input calculation lead to different results. The cooled anode approach provides 
values of thermal efficiency of the order of 80%, whereas thermal efficiency from real weldments is of the order 
of 60%. This difference (~20%) is due to the latent heat, i.e., the fraction of the heat input that is not converted in 
temperature increase, but only in phase change. 
 Alternatively to these methods, the inverse heat conduction problem represents, in this case, an alternative 
way to obtain the heat input that goes to the workpiece. This procedure is justified by the difficulties to obtain 
measurements in the thermally affected zone in the weld area. The great advantage of inverse technique is the 
chance of obtaining the heat imposed in the weld face of the workpiece using just temperatures measured on the 
opposite face to the weld bead.   

One requisite to determine the temperature field in the presence of welding process is to know the real heat 
waste or the geometry and interface position of weld pool present in the process. Once known these parameters, 
a direct problem is established and the temperature field can, then, be calculated. Several analytical [7, 13, 15, 
18, 21, 23] or numerical [6, 10, 14, 27] works that deals with this direct problem can be found in the literature. 
Beside the hypothesis of knowing heat input, important phenomena like phase change, thermal properties 
changing with temperature or heat losses by convection or radiation are neglected or considered known [1, 8-9, 
22, 26,]. However the identification of heat input or the weld pool geometry is not trivial in a real welding and 
must be calculated. The main difficulty, in this case, is that these parameters are available and cannot be 
measured directly. As mentioned, one way to avoid this difficulty is to use inverse techniques. The majority of 
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works that deal with application of inverse problem techniques in welding problems [2,12,19] just use simulated 
studies. Thus, the main goal of this work is to obtain a thermal solution of a welding problem that appears during 
a real GTA welding process of austenitic stainless steel AISI 304 by using inverse techniques. 
 
2. PHYSICAL MODELS FOR GTA WELDING PROCESS 
In order to develop the inverse algorithm, two theoretical models are used to solve the direct problem: a 
simplified two-dimensional physical model based on quasi-stationary Rosenthal’s equation [1] and a transient 
two-dimensional physical model based on the work of Al- Khalidy [1]. On the contrast of model 1, the transient 
model takes into account the phase change, thermal properties changing with temperature and heat losses by 
convection and radiation.  
 
2.1.   Rosenthal model (model 1) 
Rosenthal proposed solutions to the heat flux equation of a moving point heat-source in 1941 [1]. In his model it 
is assumed that the heat source moves with a constant speed u along the x-axis of a fixed rectangular co-ordinate 
system, as shown in Figure 1.  
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Figure 1. A moving point heat source: a) fixed coordinates x,y,z: b) moving coordinates ξ,y,z [16]. 

 
Considering Figure 1, the general energy equation for an isotropic and homogenous material, with constant 

properties, is reduced to: 
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where α is the thermal diffusivity and x, y, z is the fixed coordinate system. If a moving point heat source (q) 
traveling with a constant velocity (u) in the x direction (Fig. 1) is assigned to the origin of a moving coordinate 
system ξ, y, z, then the transformation of a point P(x, y, z, t) in the fixed system by ξ = x – u t   becomes P(ξ , y 
,z) in the moving system [16]. 

The transformed form of eqn.(1) then becomes: 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

−⎟
⎠
⎞

⎜
⎝
⎛

∂
∂

=
∂

∂
+

∂

∂
+

∂

∂
ξααξ

Tu
t
T

z
T

y
TT 1

2

2

2

2

2

2
                     (2) 

Assuming that the workpiece is long enough, in such a way that the quasi-stationary condition can be 
established, eqn.(2) reduces to : 
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Equation (3) can be solved using the separation of variables method, taking a solution of the form as follows:  
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where, q is the heat, δ is the thickness  K0 is the modified Bessel function of the first kind of order zero and 

( ) 2
1222 zyr ++= ξ . 

The assumptions involved with eqn.(4) include a quasi-steady condition in the workpiece, the arc is 
represented by a point source, thermal properties are considered constant with temperature and the heat loss from 
the plate due to convection or radiation or phase change are neglected.  

If the value of the heat input, q, is known, eqn.(4) represents the solution of the direct problem related to the 
inverse problem studied.  
 
2.2.   Physical model considering phase change (model 2) 
Transient heat transfer problems involving melting or solidification, such as is the problem due to a GTA 
welding process, are usually referred to as phase-change or moving-boundary problems. The solution of such 
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problems is inherently difficult because the interface between the solid and liquid phases is moving as the latent 
heat is absorbed or released at the interface. As a result, the location of the solid-liquid interface is not known a 
priory and must follow as a part of the solution [24]. In the welding process, the thermal problem is, then, 
established when the molten pool is formed as the result of the heat source moving with a constant speed. The 
physical model to solve the direct problem related to phase change presented here is based on a previous work of 
Al-Khalidy [1] that considers a two-dimensional system and nonlinear temperature-dependent thermal 
conductivity k(θ) and specific heat c(θ)  in the solid region.  

The theoretical model developed in Ref. [1] is based on the governing equation  
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where  = R is the region of pure material separated into liquid region Rls RRyx U∈),( l and solid region Rs. The 
two regions are separated by an interface ℜ . The Equation (5a) is subjected to the boundary conditions 
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In eqn.(5a) the phase change is isolated in a latent heat source term as 
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and the h(θ) is the overall convective heat transfer that is calculated as h(θ) = hc + hr, where hr and hc are the 
radiative and the convective heat transfer coefficient, respectively. 

Additionally the interface condition include the isothermal condition 
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If the parameters Q(θ)m and the weld pool geometry are known, the numerical solution of eqn.(5) represents the 
solution of the direct problem related to the inverse problem studied. To obtain the numerical solution of eqn.(5) 
the finite volume method [17] is used with a grid of 360 x 90 volumes. 
 
3. INVERSE PROCEDURE 
Besides the experimental data and physical models, two techniques of optimization are also used to solve the 
inverse algorithm. The techniques are the simulated annealing, SA [20], and the golden section method [24]. 
Both, physical models and optimization techniques are used over the same experimental temperature data and 
this allows a good comparison of results.  
 
3.1.   Heat estimation, q, by using simulated annealing techniques (model 1) 
One way to estimate the heat input q, present in Eq. (4), is to require that the traditional least square function, Fq, 
defined as the error between the computed temperature Ti and the measured temperature Yi be minimized with 
respect to unknown q. Fq is then defined as  
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were i represents the index for the thermocouple position and we have dropped the z-dependence. 
There are several inverse techniques besides of SA that can solve this welding problem optimization. It can 

be cited, for example, the conjugate gradient with adjoint equation method [3], parameter estimation approach 
[4] and sequential time domain [5]. These methods use temperature histories experimentally determined in the 
sample (workpiece) to calculate the corresponding heat input for a given set of system parameters (welding). The 
SA was chosen here due, mainly, to its robust characteristic [20]. Simulated Annealing can be performed in 
optimization by randomly perturbing the decision variable and keeping track of the best objective function value 
for each randomized set of variables. After many trials, the set that produced the best objective function value is 
designed to be the center, over which perturbation will take place for the next temperature. The temperature, that 
in this technique is the standard deviation of the random number generator, is then reduced, and new trials 
performed.  
 Temperature Ti is calculated from the eqn.(4), and Yi represents the experimental temperature measured on 
the opposite face to the weld bead. The iterative computational procedure to estimate the heat input q can be 
summarized as follow: 
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step 1:  To start the iterations an initial estimate is made for the heat input q, which can be chosen as constant, 
say close to zero.  
step 2:  Compute T(ξ, ,y) using eqn.(4). 
step 3:  Assuming that the search region to the optimal value of heat input, q, is between the lower bound zero 
and the upper bound given  by the power P supplied by the GTA torch (voltage versus current) the optimization 
of Fq goes until the optimized value of q is found (or a stopping criterion is satisfied). Here, the criterion is Fq<1 
K2. 
 
3.2.   Molten pool radius and interface position estimation (model 2) 
The use of model 2 requires a new objective function. In this case, once the model is transient and the location of 
the phase-changing is unknown the new objective function is defined as  
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where i represents the time index, r is the molten pool radius, and T represents the temperature that now is 
calculated from the numerical solution of eqns.(5). The inverse procedure presented by Al-Khalidy [2] for a 
quasi-static model is adapted here to the transient model. In contrast to that work, here the molten pool shape is 
assumed circular and the objective of the inverse procedure is to estimate the radius of the weld pool as well as 
the temperature field within the solid region. The inverse procedure, here, is stated as an optimization problem to 
minimize the function given by Eq.(7). The iterative computational procedure to estimate the radius, r, can be, 
then, summarized as follow: 
step 1.  Assume an arbitrary value to the radius r of the weld pool. 
step 2.  Assume the initial values of ∆H(ξ,, y,t) = ∆H0(ξ,, y, t) = 0. 
step 3.  The nonlinear simultaneous set of equations, eqn.(5) is solved to determine T(ξ,, y, t).  
step 4.  Optimize the results with respect to the eqn.(7). At this step the finite volumes where the phase change 
occurs are identified using the optimal r value. 
step 5.  The steps 3 to 4 are repeated until convergence is reached. 
step 6.  The known values of the temperatures T(ξ,, y, t) and ∆H(ξ,, y ,t) at any time are assumed to be the 
previous value in the next time step. 
step 7.  The calculation procedure for the new time step is repeated. 

Since the optimization procedure requires the numerical solution of eqn.(5) repeated many times, the use of 
simulated annealing technique here could waste so much time of computing. Instead, as we have only one 
variable to estimate, the radius r, the golden section method is chosen to minimize the eqn.(7). The golden 
section method for estimating the minimum of a one-variable function is a popular technique since Fr does not 
need to have continuous derivatives, is easily programmed and is found to be reliable for poorly conditioned 
problems, see [24] for more details. 
 
4. EXPERIMENTAL PROCEDURE 
Figure 2 represents the welding rig used in the experimental procedure. The welding torch, which represents the 
point heat source, moves at a specific speed along a straight path by using a totally automated X-Y coordinate 
table. To avoid test-plate dimension interference, the test-plate is held in air by 4 pointed cylindrical screws, so 
that, only a small contact area exists.  

A set of experiments for the AISI 304 sample with dimensions of 200x50x4 mm was made using the 
following welding conditions: direct polarity (CC-), voltage of 15V, current (78 A), arc length (4 mm), shielding 
gas (Ar and Ar+25%He) and included electrode angle (60o). The electrode used is AWS EWTh-2, tungsten 
doped with 2% of thory with 1.6 mm of diameter. The shielding gas flow was set at 8 l/min (0.133 10-3 m/s) and 
the welding speed at 0.00833m/s. The values of the thermal properties of AISI 304 are obtained from literature 
[1]: k = 14.42 + 0.0169T – 2.44x10-06 T2 [W/mK] and cp = 486.6 + 0.159T + 18.07x10-06 T2 [J/(kgK)], 
Tm=1700[K], and  
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if , were Gr and Pr are the Grashof and Prandtl number, respectively. 910Pr >Gr
Capacitor discharge is used to attach the thermocouples to the plate surface. Twelve thermocouples, type K, 

are attached to the bottom face of the test-plate (AISI 304), Figure 2b. A well-detailed description can be found 
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in Vilarinho [25]. It should be observed that just four thermocouple are effectively used in the optimization 
process. The remaining thermocouple had been used to analysis and verify simplifying hypothesis. Figure 3 
presents in detail the thermocouple location in the sample of these four thermocouples. 
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a) b) 
Figure 2. Experimental apparatus: a) view of welding torch; b) view of thermocouple attaching. 

 
The welding is carried out on a plane position with the bead on plate technique. Two independent data 

acquisition systems are used. In the first one, a data acquisition chart is used to measure the voltage and current 
signals with 12 bits and 10 kHz per channel. The second one is composed by a microcomputer-based data 
acquisition system (HP 75000 B E1326B), DAS for short, is used in order to acquire and storage the 
thermocouple data. The DAS, under a software control, sampled (multiplexed) each thermocouple signal at 
intervals of 0.38 s (totaling 1028 points for each thermocouple). 
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Figure 3. Thermocouple locations at opposite face of the test. 
 

The hypotheses of infinite plate used in both physical models and the two-dimensional heat transfer (model 
2) must be assured. In this sense, the experiment must be designed, such as the test plate geometry have the 
minimum size to attend these conditions. For verifying the infinite assumption an analysis of the 3D Rosenthal 
model has been performed. It can be observed that a sample width of 0.05 m is wide enough for obtaining values 
of temperature close to the environment temperature 300K (infinite condition). These results can been found in 
Ref.[11]. 

Another physical effect that can occur is the influence, in the temperature field, of the molten pool along the 
thickness direction. It means, since the two-dimensional numerical model is used, no change in temperature in 
the direction of thickness is expected. The way to alleviate this difficulty is to place thermocouple away of 
influence of the thermal resistance of weld pool. These locations, in this work, are chosen to be 0.008 m away 
from the symmetry line in which the torch is applied, as shown in Figure 3. 

This influence is estimated through a solution of 3D numerical heat transfer diffusion with a heat source 
moving. The heat-moving source is used here to simulate the phase change presence in the symmetry line. This 
source must be supplying heat enough to allow the sample reaching a temperature high enough at fusion level. 
Since the model is three-dimensional any variation along the thickness can be felt. Due to the space limitations, 
these results that can be found in [11] are omitted here. It can be seen that 8mm is sufficient to obtain the same 
temperature in plane along the thickness.  

 
 

 



5. RESULTS AND DISCUSSION 
5.1.   Input data 
Figure 4 shows the measured temperatures at the bottom surface of the test-plate for the four thermocouples 
shown in Figure 3. From these temperatures and the choice of model the heat input, q, or the weld pool radius, r, 
can be obtained. 
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Figure 4. Measured temperatures at the bottom surface of the test-plate for the four thermocouples, shown in 
Figure 3. 
 
5.2.   Temperature field and heat input estimation, q, (model 1) 
Once the heat input to the workpiece is estimated, the temperature distribution can then be obtained from 
eqn.(4). Figure 5 presents examples of temperature evolution estimated at four different times t = 2, 10, 20 and 
25s. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
Figure 5. Resulting temperature field at the welding face at different elapsed welding times (2, 10, 20 and 25s). 
Estimation using model 1 and thermocouple 1. 
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 It need be observed that the Rosenthal physical model gives good results just for temperature away from the 
moving heat source. This fact is due to the model not taking into account the phase change presence. Interface 
position of phase change is partially identified by using a pass low filter where any temperature higher than the 
fusion value is assumed equal to T = Tm . The main disadvantage of this procedure is that the position of the 
molten pool is dependent of the choice of the kind and place of the filter. Table 1 presents the results to the q 
estimation using model 1. 
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Table 1. Heat input estimation results using SA and model 1, P=1178W. 
 

Thermocouple q(W²) η= q/P (%)
1 656 55.6
2 816 69.2
3 901 76.5
4 798 67.7

 
 

5.3. Temperature field and radius of weld pool estimation, r (model 2). 
As mentioned before, in contrast to the previous q estimation, the unknown variable in model 2 is the fusion 
radius, r, and the location of the interface of phase change. In this case, an advantage of this procedure is the 
possibility of validation of the radius estimation, since the experimental width, Lc of weld pool will correspond 
to the diameter of the pool and can be obtained at the final of experiment. It means that if the weld pool is 
assumed circular, the estimated value of the radius, r, can be compared with the half of the value of Lc (r = Lc/2). 
The width of weld cord for a typical experimental condition was obtained using an image analyzer with an 
optical microscopic Neophot 21 as shown in Figure 6. 
 
 

  

 
500 µ m 

 
 
 

Figure 6. A weld bead from a typical experimental condition, obtained by using images from an optical 
microscopic, used for the width measurements. 

 
Figure 7 shows the temperature field at the welding face at different times for thermocouple 1.  
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Figure 7. Estimated temperature evolution at three different elapsed times t = 2, 15 and 25 s (model 2 ). 
 

The weld width determination compared with r estimation is shown in Table 2. The search interval ranges 
from 0.0 to 4⋅10-3 m with a tolerance of 5⋅10-5 m. A discrepancy less than 6.8% is obtained. 
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Table 2. Radius estimation obtained golden section and model 2. 
 

Thermocouple r (10-3 m) Lc_inv (10-3 m) Lc (10-3 m) Relative error(%) 
1 1.96 3.92 4.20 6.8 
2 2.13 4.26 4.18 2.0 
3 2.03 4.06 3.94 3.2 
4 1.95 3.90 3.75 4.0 

 
5.4.   Comparison of results using model 1 and 2 
Figures 8 to 9 present a comparison between the estimated and experimental temperatures obtained  using the 
two models proposed. 
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Figure 8. Comparison between the estimated and experimental temperatures obtained using the two models 
proposed. Thermocouples: a) 1, b) 2, c) 3 d) 4. 
 

It can be observed that the model 2 presents results closer to the experimental evolution. This behavior can be 
attributed to effects like phase change and the values of thermal properties varying with temperature that are 
considered in this model. The effect of radiation and convection loss can be more observed at the cooling phase. 

In order to obtain a better comparison among the results, quadratic error evolutions for each thermocouple 
are presented in the Figure 9. 

Again, it can be observed that the model 2 presents better results which can be verified by the smaller values 
of ST. It also can be observed that in the model 1 the maximum deviate are in the cooling phase (after 24 s) 
which can be justified by the absence of the heat convection and radiation effect in the Rosenthal model. 
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